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Abstract

The genetic algorithm (GA) heuristic is used to find near op-
timal solutions for the Probabilistic Minimum Spanning Tree
problem (PMST), an NP-complete variation of the classical
minimum spanning tree problem. Given a connected graph
G(V,E), a cost function c:E— R, and a probability func-
tion P:2¥'—0,1], the problem is to find an a priori span-
ning tree of minimum expected length. For the incomplete
graph problem, a new encoding scheme for spanning trees
that is based on the cycle basis is compared to another new
encoding scheme that is based on the factorization of the
determinant of the in-degree matrix of the original graph.
For edge connectivity probability < 0.4 and problem size
of 20 nodes, our results show a significant improvement in
using the cycle basis encoding over the use of the determi-
nant encoding, or a greedy algorithm. For the 30 and 40
node problems the determinant encoding performs better
than the cycle basis encoding for most edge connectivity
probabilities.

Introduction

The classical minimum spanning tree (MST) is used to help
solve many combinatorial optimization problems. The MST
problem has important applications in transportation, com-
munication network design, and distribution systems.

Recently Bertsimas[4] defined the Probabilistic Minimum
Spanning Tree (PMST), which is a variation of the mini-
mum spanning tree where each vertex is present with some
given probability. The PMST model is more realistic and
representative of many combinatorial optimization problems
than the minimum spanning tree, especially if the MST is
NOT the “best” solution for all instances of the problem.
Note when the vertex probability is one, for each vertex,
the PMST problem reduces to the MST problem. Many ap-
plications are natural for the PMST such as VLSI design,
communication network design, and organizational struc-
tures design.

* Research partially supported by OCAST Grant AR2-004
and Sun Microsystems, Inc.

In Section 2 a formal description of the PMST problem is
presented. Section 3 discusses our new cycle basis encoding,
with some examples. Section 4 gives an introduction to the
determinant factorization and defines the determinant en-
coding. Section 5 describes the genetic algorithm test cases
and results.

The PMST Problem

Bertsimas has formally defined the Probabilistic Minimum
Spanning Tree (PMST) problem as follows [4]: Given a con-
nected undirected graph G=(V,E) , not necessarily com-
plete, a cost function c:E——RT, and a probability function
P:2¥—[0,1], the objective is to find a spanning tree, say
T, that minimizes the expected active cost, E[L7], where

ElLr) =3 p(S)Lr(S).

scv

The above summation is taken over all subsets of V', T(S) is
the minimum subtree of T that is required to interconnect
all the nodes in S, and Lz(S) is the total cost of the edges
in T(S).

If one assumes that node ¢ is active with probability p; and
that the nodes are independent, Bertsimas shows that the
expected active cost, E[Lr], for a given spanning tree is
given by the expression

ElLr] =Y e(e)s 1= J] (1=pi)
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The above summation is over all edges in the tree T. The
removal of an edge, e, splits T into two subtrees. The set
of vertices in one subtree is denoted by K. and the set of
vertices in the other subtree is denoted by V — K.. The
above summation computing E[L7]is O(n?) where 1 is the
number of vertices. Bertsimas also shows how to compute

E[L7]in O(n) time.

Cycle Basis Encoding

In this section, we describe our new cycle basis encoding
scheme. The set of all spanning trees in a connected graph,
G(V, E), corresponds to the set of feasible chromosomes re-
sulting from the application of the scheme.



One of the traditional uses of a cycle basis for a graph is in
computing the cycle vector invariant[14]. The cycle vector
is an n-vector where the ¢-th component is the number of
cycles of length 2 in a graph with n vertices. To compute
this cycle vector one needs to find all of the cycles of the
graph G. The first step in finding all of the cycles is to find
any spanning tree 7' for G. Then, the addition of any single
edge, e, to T results in the formation of a cycle, which can
be found by removing all vertices of degree one from 7'| J {e}
until none are left. The set of all cycles found in this way is
a cycle basis for G.

If G has n vertices and e edges, then any spanning tree of
G has n — 1 edges. Hence, there are e — n + 1 cycles in
any cycle basis for . Each cycle of G can be obtained by
“adding”, modulo 2, elements of a subset of the cycle basis.
Conversely, each such modulo 2 addition introduces a possi-
ble cycle of GG. The cycle space of G consists of all cycles of
G.

The cycle basis encoding scheme is based on finding a cycle
basis and, then for each cycle in the cycle basis, selecting an
edge from that cycle for removal from G. Let the i-th allele
of a chromosome indicate the label of the edge selected from
the ¢-th cycle in the cycle basis for removal from G. The
length of the chromosome is € — n 4+ 1, the number of cycles
in a cycle basis. A chromosome is feasible if the collection
of edges remaining in GG after removal of the e — n 4+ 1 edges
(one from each element of the cycle basis) is a spanning tree.
Otherwise a chromosome is infeasible. The process of select-
ing the edges from the corresponding cycles and removing
them from G will produce a tree if the code is valid (i.e. the
removal of an edge does not cause components to become
disconnected.) The length of the encoding scheme is the
same as the number of cycles in the basis (i.e. e—n+ 1).
We can select e — n + 1 cycles from the cycle space as the
basis for the cycle basis encoding so long as Uiec C; =F
where C is the set of cycles in the basis, and E is the set
of edges in the graph . This condition is sufficient but not
necessary. Two examples follow that illustrate the cycle ba-
sis encoding scheme for a spanning tree.

Example 1: Consider a 7 node graph shown in Figure 1(a),
and an example spanning tree shown in Figure 1(b). From
Figure 1(b) we see that the missing edges are edge e and
edge e3. By adding edge ez, cycle C is formed consisting
of edges e1,e2,€e6, €5 as shown in Figure l(c). When edge
es is added to Figure 1(b) cycle C; is formed, with edges
€6, €3, €4 as shown in Figure l(d). Thus the resulting cycle
basis from the spanning tree in Figure 1(b) for the graph in
Figure 1(a) is cycles Cy and Co. To find all the cycles in
the original graph we can take all combinations of the cycles
in the cycle basis (if the number of combinations is NOT
too large) or use the algorithms written by John T. Welch
and Norman E. Gibbs[18, 12] that determine all cycles in
a graph. In this case to find all the cycles in Figure 1(a)
we add the cycles of the cycle basis together, as edge sets,
modulo 2. For example, we may write C1 = e1 +e2 +e6 + €5
and Cz = eg + €3 + €4, then

Ci 4+ Ch (e1 +e2+es+e5+ ec+ea+eq) mod 2

(e1 4+ e2 4 2e6 + €5 + €3 + €4) mod 2

= €1 +ex+e3+estes

(© (d) (e)

Figure 1: An incomplete graph with seven nodes and
two cycles. (a) The original graph G, (b) A spanning
tree from G, (¢) The cycle Cy. (d) The cycle Ca, (e)
The cycle C3 = Cy + (.

Using the cycle basis consisting of €7 and C> for the cycle
basis encoding, there are 12 combinations of edges to select
and remove from Figure 1(a). The actual number of span-
ning trees is 11. The following table shows all of the possible
combinations of C1 x Co = (1,2,6,5) x (6,3,4).

(13) (23) (53) (63)
(14) (24) (54) (64
(16) (26) (56) (66)

The 12 possible spanning trees corresponding to the above
12 codes (chromosomes) are shown in Figure 2. Edges er
and eg are in all the trees but are not shown.

Notice if we select cycles C; and C3 to form the cycle ba-
sis, then there are 20 combinations of edges to remove from
Figure 1(a), and if we select cycles C; and Cs to form the
cycle basis, we have 15 combinations of edges to remove from
Figure 1(a). The increase in the number of combinations in-
dicates that some chromosomes are infeasible (i.e. do NOT
produce a tree) or that there is a many to one relation where
many valid chromosomes map to the same tree.

Example 2: The seven node graph shown in Figure 3(a)
has four cycles in the cycle basis. Figure 3(b), Figure 3(c),
and Figure 3(d) show three possible spanning trees on the
original graph in Figure 3(a). Using the spanning tree in
Figure 3(b) we get the cycles C1,C>, Cs, and Cy shown be-
low, with search space size of 3 x 6 x 5 x 3 = 270. If we
use the spanning tree in Figure 3(c) to form a cycle basis,
we find the cycles C1,Cy, C2 4+ Cy, and Cs 4 Cy, with search
space size of 3 x 3 x5 x 4 = 180. Finally, if we use the span-
ning tree in Figure 3(d) to form a cycle basis, we find the
cycles C1,Cy 4+ C5,Cy, and C3 + Cy with search space size
of 3 x3x3x4=108. It is important to note that the cycles



used in the cycle basis play a major role in the size of the
resulting search space. Since every cycle is a mod 2 sum of
elements in a subset of the cycle basis, the cardinality of the
cycle space in this example is bounded above by 2* —1 = 15.

Determinant Encoding

The Number of Spanning Trees

Even [11] describes the following technique for finding the
number of spanning trees in a directed graph (developed by
Tutte [17]):

The in-degree matrix D of a digraph G(V,E) is defined as

follows:

o digy W=,
D(w)—{_k ifi# )

where d;p(;) is the number of edges coming into node i, and
k is the number of edges in G from i to j.

Lemma 1 ([11]) A finite digraph G(V,E), with no self-
loops 1s a directed tree with root r if and only if its in-degree
matriz D has the following two properties:

1. The root has no edges coming in, and all other nodes
have one edge coming in, formally,

D(i,i):{ ’

2. The minor, resulting from erasing the rth row and col-
umn from D and computing the determinant, is 1.

if i =,

if i £ 7.

Theorem 1 ([11]) The number of directed spanning trees
with root r of a digraph with no self-loops is given by the
menor of its in-degree matriz which results from the removal
of the rth row and column.

The PMST problem is defined on an undirected graph
G(V,E), and any solution to the PMST problem is an undi-
rected tree T. To see the relationship between directed and
undirected spanning trees, consider the digraph G'(V, E')

defined as follows: For every edge u z v in G define the two

edges u . v and v & v in . Regardless of the choice of
r € V, there is a one-to-one correspondence between the set
of spanning trees of ¢ and the set of directed spanning trees
of G'(V, E') with root r: Let T be a spanning tree of G. If

the edge u z vis in 7 and if u is closer than v to r in T
then pick e for T"; if v is closer, pick e”. Also, given 1", it
is easy to find the corresponding 7' by simply ignoring the
directions; i.e., the existence of either e’ or ¢” in T implies
that e isin T[11]. Defining the degree matrix of G to be the
in-degree matrix of G', we can state:

Theorem 2 ([11]) The number of spanning trees of an
undirected graph with no self-loops is equal to any of the
menors of its degree matriz which results from the erasure of
a row and a corresponding column.

The Encoding

Define the edge-range vector R of a digraph G(V,E) as fol-
lows: R(j) = {1| D(i,j) = =1} for j = 1 to n where D is
the in-degree matrix. Furthermore, define a determinant
code, DC to be a string of n — 1 integers, where n is the
number of vertices in the original graph, and the 5 — 1 po-
sition in the string is selected from R(j) for j = 2 to n. For
example, the set of all determinant codes for a 4 vertex graph
is given by: {(z2,z3,24) | x; € R(y) Vj=2,3,4}. If DC is
a determinant code, the y — 1 position in DC represents the
row index of an entry of -1 in the j-th column of the in-
degree matrix. A k in the j — 1 position of DC corresponds
to an edge from vertex k to j.

Two examples are shown below illustrating the determinant
factorization.

Example 1: Given the in-complete graph in Figure 1(a), the
in-degree matrix D is:

2 -1 0 0 -1
—1 4 -1 0 0 -
0 -1 3 -1 -1
D= 0 0 -1 2 -1
—1 0 -1 -1 3
0 -1 0 0 0
0 -1 0 0 0

O - O O O
o OO O ~=O

If we remove the first row and column (assuming vertex 1 to
be the root), and compute the determinant of the resulting
matrix, which is the number of spanning trees T, we get:

4 -1 0 0 -1 -1
—1 3 -1 -1 0 0
0 -1 2 -1 0 0
= 0 -1 -1 3 0 0| 1.
—1 0 0 0 1 0
—1 0 0 0 0 1

The location of the negative one’s in the in-degree matrix
are listed below:

column: 2 3 4 5 6
1 2 3 1 2 2
3 4 5 3
Row: 6 5 4
7

The number of combinations for the determinant codes is
4 x3x2x3x1x1=72. The first few determinant codes
are listed below in lexical order:

—_
(]

e~~~
—
[ SOl SR SOl S
UL W W W
— s W
[ SOl SR SOl S
[ SOl S )
NN el

and so on.

The above code (125 12 2), for example represents a span-
ning tree for Figure 1(a). The value of ”1” as the first al-
lele, represents the -1 in position (1,2) in D which defines



edge (1,2). The second allele, 2, defines edge (2,3), and
the remaining alleles 5 1 2 2 represent edges (5,4), (1,5),
(2,6), and (2,7) respectively. This corresponds to the edges
€1,€2,€4,€5, €7, €5, respectively.

Example 2: Given the in-complete graph in Figure 3(a), the
in-degree matrix D is:

2 -1 0 0 -1 0 0

—1 4 -1 0 0 -1 -1

0 -1 4 -1 -1 0 -1

D= 0 0 -1 2 -1 0 0
—1 0 -1 -1 3 0 0

0 -1 0 0 0 2 -1

0 -1 -1 0 0 -1 3

If we remove the first row and column (assuming vertex 1 to
be the root), and compute the determinant of the resulting
matrix (i.e the number of spanning trees, T') we get:

4 -1 0 -1 -1
—1 4 -1 -1 0 -1
0 -1 2 -1 0 0
= 0 -1 -1 3 0 0| 7.
—1 0 0 0 2 -1
-1 -1 0 0 -1 3

The location of the negative one’s in the in-degree matrix
are listed below:

column: 2 3 4 5 6 T

1 2 3 1 2 2

3 4 5 3 7 3

Row: 6 5 4 6
707

The number of combinations of the determinant code is 4 x
4x2x3x2x3=0576. The first few determinant codes are
listed below in lexical order:

1 2 3 1 2 2
(1 2 3 1 2 3)
(1 2 3 1 2 6
1 2 3 1 7 2

and so on.

Genetic Algorithm Test Cases
and Results

Several researchers have investigated the benefits of solv-
ing combinatorial optimization problems using genetic algo-
rithms [1, 3, 2, 5, 6, 10, 19]. Davis, Goldberg and Rawlins
provide an excellent in depth study of genetic algorithms
[8, 9, 13, 15]. Tt is assumed that the reader is familiar with
the fundamentals of genetic algorithms(GA). The GA pack-
age used in this research is LibGA [7].

Three data sets with 20, 30, and 40 nodes were devised. In
each case the edge connectivity probability of 0.1, 0.2, 0.3,
0.4 and 0.5 was considered. Edge connectivity probability is

the probability that an edge is present between any randomly
chosen pair of vertices. As the edge connectivity increases,
the graph becomes more edge-dense. The nodes were ran-
domly placed on a 100 x 100 grid. The cost of each edge is
the Euclidean distance. The PMST probability as defined in
Section 2, associated with each node was fixed at 0.1. Each
data set was replicated 10 times using different random num-
ber seeds to generate the coordinate positions for the nodes,
and to establish the connectivity (placement of the edges).
For each of the 10 repetitions, the expected active cost of
a greedy strategy was compared to the expected active cost
of various spanning trees evolved by applying genetic algo-
rithm strategies to our two new encodings of spanning trees
(determinant and cycle basis). The greedy strategy simply
finds the expected active cost of the classical minimum span-
ning tree.

Table 1 shows the results of the PMST problem for the 20
node data set with an edge connectivity probability of 0.1.
For the cycle basis encoding and the determinant encoding,
we used the crossover operator uniform and the mutation op-
erator Alter Allele. The expected active cost for the PMST
problem using the greedy strategy, the determinant encod-
ing, and the cycle basis encoding are shown for each of the
10 random number seeds. The percent improvement column
in Table 1 compares the best of the determinant or cycle
basis encodings to the greedy strategy. From Table 1 we can
see a significant improvement using the cycle basis encoding.
Also, in Table 1, the cycle basis encoding produced the same
or better expected active cost compared to the determinant
encoding in each of the 10 cases. The symbol NF in the
tables means that no feasible chromosomes were generated.
The cycle basis encoding scheme yielded the same or supe-
rior results compared to the greedy algorithm in all of the
10 cases. In all of the tables an ”*” indicates the best results
obtained.

The results for the 20 node problem with edge connectiv-
ity probabilities 0.2, 0.3, 0.4, and 0.5 are shown in Table 2
through Table 5, respectively. Notice in all of the 20 node
cases shown in Table 1 through Table 5 that in every in-
stance except one (test case IX in Table 4) that one of the
two GA algorithms was always superior to the greedy algo-
rithm. Notice further in Table 2 through Table 5 that as the
edge connectivity increases from 0.1 to 0.5 that the better
of the two GA results swings from cycle basis for the lower
edge connectivity probabilities to the determinant scheme
for the higher edge connectivity probabilities. This is easily
observed by noting the pattern of ”*” from one table to the
next.

The results for the 30 node problem with edge connectivity
probabilities of 0.1, 0.2, 0.3, 0.4, and 0.5 are shown in Table 6
through Table 10, respectively. Notice in all of the 30 node
cases that in every instance one of the two GA algorithms
was always superior to the greedy algorithm. Notice further
in Table 6 through Table 10 that as the edge connectivity
increases from 0.1 to 0.5 that the better of the two GA re-
sults swings from cycle basis for the lower edge connectivity
probabilities to the determinant scheme for the higher edge
connectivity probabilities. Again this is easily observed by
noting the pattern of ”*” from one table to the next. In fact



the only case in which the cycle basis was clearly superior
was in the 0.1 edge connectivity probability case (Table 6).

The results for the 40 node problem with edge connectivity
probabilities of 0.1, 0.2, 0.3, 0.4, and 0.5 are shown in Ta-
ble 11 through Table 15, respectively. The results for the 40
cases are virtually a repeat of the results for the 20 and 30
node cases. Notice in all of the 40 node cases that in every
instance except one (test case V in Table 12) that one of
the two GA algorithms was always superior to the greedy
algorithm. Notice further in Table 11 through Table 15 that
as the edge connectivity increases from 0.1 to 0.5 that the
better of the two GA results swings from cycle basis for
the lower edge connectivity probabilities to the determinant
scheme for the higher edge connectivity probabilities. Again
this is easily observed by noting the pattern of ”*”
table to the next.

from one

In conclusion, we have presented a determinant encoding
scheme and a cycle basis encoding scheme to represent span-
ning trees in an attempt to solve the PMST problem on in-
complete graphs. In all of our test cases we used a node
probability of 0.1, which is quite realistic. The GA algo-
rithms using either the determinant or the cycle basis en-
coding scheme clearly outperformed the greedy algorithm
(the best known algorithm to date for this problem). We ob-
served in general that the cycle basis encoding scheme works
best for graphs with edge connectivity probability < 0.2, and
the determinant encoding scheme works best for edge con-
nectivity probabilities > 0.2. Another significant point to
this research is that the new encoding schemes presented for
spanning trees are not limitd to GA chromosomes, but in-
deed are a general encoding scheme.
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Test Algorithms Percent
Cases | Greedy Det. Cycle basis | Improve-
(GA) (GA) ment
® @ @ 0@ I 1975 | NT 195.2% 11
c Lo . “ Il | 104.6% | NF 104.6* 0.0
e B 0N I | 151.4 | 144.2* 144.2% 48
@ B O—X3 @ O v 116.2 NF 113.0* 2.7
. o @ \Y% 143.0 NF 140.9% 1.5
el el el VI 133.7 181.4 125.0* 6.5
e @ e @ O VIT | 1242 | 173.6 122.1% 1.8
o ® @ le o | VIII | 1111 | 110.3% | 110.3* 0.7
N o - \ \ X 117.7 NF 115.8% 1.5
G0 =06 O BV OO X 143.1 | 149.0 141.9% 0.8
24) 26) (53) 54)
O OO o2 OO Table 1: The Expected Active Cost for the PMST prob-
. i c i i e . lem, for. 20 nodes (.n.ode probability is 0.1), gnd edge
" » " connectivity probability 0.1. NF means no feasible chro-
GO0 @ O OO0 GO0 mosomes were generated.
(56) (63) (6 4) (66)

Figure 2: The graphs corresponding to the cycle basis

encoding using cycles 7 and C5, 11 out of the 12 graphs Test Algorithms Percent
are spanning trees. The (6 6) cycle code may be mod- Cases | Greedy | Det. | Cycle basis | Improve-
ified to map to a valid spanning tree. For simplicity, (GA) (GA) ment
edges ey and eg are in all the trees above, but are not I 96.3 NF 86.7* 10.0
show. 11 124.2 105.5* 105.5* 15.1
111 84.9 79.6 79.3*% 6.6
v 119.7 NF 112.9* 5.7
A% 105.8 94.1 94.0* 11.2
VI 100.7 85.5% 85.5% 15.1
VII 130.0 118.9 116.4* 10.4
VIII 153.8 NF 143.0* 7.0
X 122.2 114.7 114.2* 6.6
X 116.8 122.1 112.5* 3.6

Table 2: The Expected Active Cost for the PMST prob-
lem, for 20 nodes (node probability is 0.1), and edge
connectivity probability 0.2. NF means no feasible chro-
mosomes were generated.

Test Algorithms Percent
Cases | Greedy | Det. | Cycle basis | Improve-
(GA) (GA) ment
I 84.1 82.2 79.7* 5.2
11 91.6 85.0* 86.8 7.1
111 76.3 73.4% 76.2 3.8
v 108.8 96.5 93.8* 13.7
A% 83.9 78.8 77.0* 8.2
© @ VI 90.8 | 70.7* 73.6 22.1
VII 108.0 94.2* 94.8 12.7
Figure 3: An incomplete graph with seven nodes and VIII 97.8 95.1 88.0% 10.0
four cycles. (a) The original graph G, (b) Spanning tree IX 125.5 | 101.8 99'9: 20.4
I from G, (¢) Spanning tree IT from G, (d) Spanning tree X 7.0 99.1 93.3 3.8

III from G .
Table 3: The Expected Active Cost for the PMST prob-

lem, for 20 nodes (node probability is 0.1), and edge
connectivity probability 0.3.



Test Algorithms Percent Test Algorithms Percent

Cases | Greedy | Det. | Cycle basis | Improve- Cases | Greedy Det. Cycle basis | Improve-
(GA) (GA) ment (GA) (GA) ment
I 73.8 67.1% 78.8 9.1 I 196.2 198.3 172.4% 12.1
I 86.0 79.6* 79.9 7.4 11 146.4 | 128.2% 130.3 12.4
111 75.4 67.1% 73.3 11.1 111 214.6 151.2 150.2% 30.0
v 104.0 | 86.5%* 90.0 16.8 IAY 167.0 | 146.6* 152.8 12.2
Vv 69.9 68.1* 69.7 2.5 \Y% 170.2 | 144.2% 149.9 15.3
VI 62.4 57.1%* 63.7 8.4 VI 175.1 | 143.1%* 156.1 18.3
VII 84.0 74.8% 78.0 11.0 VII 229.3 | 184.4* 188.0 19.6
VIIT 77.9 75.2% 75.7 3.5 VIII 179.8 | 153.1%* 153.1% 14.8
X 83.9% 85.6 94.7 -2.0 X 204.3 | 178.0% 186.6 12.9
X 84.8 73.7* 75.0 13.0 X 160.3% | 177.0 167.6 -4.6

Table 4: The Expected Active Cost for the PMST prob-
lem, for 20 nodes (node probability is 0.1), and edge

Table 7: The Expected Active Cost for the PMST prob-
lem, for 30 nodes (node probability is 0.1), and edge

connectivity probability 0.4.

connectivity probability 0.2.

Test Algorithms Percent -
- Test Algorithms Percent
Cases | Greedy | Det. | Cycle basis | Improve- .
(GA) (GA) ment Cases | Greedy Det. Cycle basis | Improve-
I 68.8 | 60.1% 65.1 12.7 - — 1(2(4}1A1)* (lé}gAg n;flgt
11 78.0 69.1* 69.4 11.4 I 139'5 117'1* 126.4 16.1
111 72.7 65.4* 69.5 9.9 I 171'0 120.6* 128.5 29'5
v 89.0 75.5% 80.4 15.2 v 164.8 122'5* 123'1 25.6
A% 68.5 63.1* 65.4 7.8 v 127'5 119'2* 125.8 6 5
VI 56.8 55.5% 57.8 2.4 VI 126.8 109'5* 112'2 13' 7
VII 93.8 T1.2* 74.1 24.1 VII 171'7 140'4* 140'4 18.2
VIII 76.8 69.8* 70.6 9.1 VIIT 153'5 127' 3 199 7* 20'1
X 86.4 73.7* 100.0 14.7 X 207'3 138 1* 162. 6 33'4
X 78.9 65.8* 66.1 16.7 ’ ’ ’ )
X 122.7 116.8* 122.4 4.8

Table 5: The Expected Active Cost for the PMST prob-
lem, for 20 nodes (node probability is 0.1), and edge
connectivity probability 0.5.

Table 8: The Expected Active Cost for the PMST prob-
lem, for 30 nodes (node probability is 0.1), and edge

connectivity probability 0.3.

Test Algorithms Percent
Cases | Greedy | Det. | Cycle basis | Improve- Test Algorithms Percent
(GA) (GA) ment Cases | Greedy Det. Cycle basis | Improve-
I 226.7 | 210.5 | 207.3% 8.5 (GA) (GA) ment
11 235.3 NF 185.4%* 21.2 I 141.1 121.1% 139.9 14.1
111 215.9 NF 212.4% 1.7 11 129.7 113.2* 115.7 12.7
v 200.5 NF 187.0%* 6.7 11 152.9 108.1* 121.2 29.3
A% 252.1 206.8 197.8% 21.5 v 164.6 103.1* 140.2 37.4
VI 273.7 NF 212.4% 22.4 A% 138.6 100.6* 100.7 27.4
VII 234.9 269.7 205.5% 12.5 VI 117.7 99.1%* 106.8 15.8
VIII 227.7 213.4 207.3% 9.0 VII 137.4 135.6 125.5* 8.6
IX 245.1 NF 222.6% 9.2 VIII 138.8 124.0 120.9* 12.9
X 210.6 NF 191.7* 9.0 IX 140.9 117.8% 118.4 16.4
X 116.3 111.3* 130.8 4.3

Table 6: The Expected Active Cost for the PMST prob-
lem, for 30 nodes (node probability is 0.1), and edge
connectivity probability 0.1. NF means no feasible chro-
mosomes were generated.

Table 9: The Expected Active Cost for the PMST prob-
lem, for 30 nodes (node probability is 0.1), and edge
connectivity probability 0.4.



Test Algorithms Percent Tost Algorithms Percent

Cases | Greedy Det. Cycle basis | Improve- Cases | Greedy Det. Cydle basis | Improve-
(GA) (GA) ment (GA) (GA) ment
! 109.9 | 96.8* 114.8 11.9 I 170.6 | 152.0% 184.1 10.9
11 128.9 | 111.2* 125.7 13.8 I 9202 | 1881 8L 19.0
1L 112,01 1101 104.7% 6.5 I | 256.0 | 175.8 172.6* 32.6
IV 1379 | 98.2% 107.2 28.7 IV | 205.9 | 165.4* 185.0 19.7
\ 122.5 | 95.5% 99.2 22.1 % 219.1 | 203.9 194.0% 11.5
VI 114.2 | 95.6* 102.6 16.3 VI sos | 170.3% 1841 6.5
VII | 1383 | 115.8* 125.3 16.3 VIL | 9363 | 187 0% 196.0 008
VI | 135.8 | 111.2% 118.3 18.2 VI | 2579 | 192.4% 205 3 55 9
IX° | 116.6 | 106.6* 136.2 8.6 IX | 241.2 | 196.1* 212.6 18.7
X 1221 | 110.8* 112.8 9.3 X 208.9 | 169.7* 176.9 18.8

Table 10: The Expected Active Cost for the PMST

R Table 13: The Expected Active Cost for the PMST
problem, for 30 nodes (node probability is 0.1), and edge

problem, for 40 nodes (node probability is 0.1), and edge

connectivity probability 0.5.

connectivity probability 0.3.

Test Algorithms Percent
Cases | Greedy Det. Cycle basis | Improve- Test Algorithms Percent
(GA) (GA) ment Cases | Greedy | Det. | Cycle basis | Improve-
I 380.7 | NF 281.2F 26.1 (GA) (GA) ment
11 319.0 261.7* 266.7 18.0 1 182.4 132.0%* 160.0 27.6
111 441.2 NF 367.8% 16.6 11 197.3 167.5% 180.0 15.1
v 350.1 NF 296.2%* 15.4 111 194.9 153.9%* 155.7 21.0
v 336.9 NF 279.3* 17.1 v 186.9 162.6 161.3* 13.7
VI 309.2 286.0 251.6% 18.6 \% 186.9 172.5% 231.3 7.7
VII 270.8 NF 248.5% 8.2 VI 171.9 143.9% 160.9 16.3
VIII 321.3 NF 278.3* 13.4 VII 254.3 170.8% 174.1 32.8
X 333.9 261.3% 261.9 21.7 VIII 196.2 153.5% 162.4 21.8
X 333.4 NF 243.3% 27.0 IX 172.7* 185.3 232.7 -7.3
X 193.5 148.6%* 190.7 23.2

Table 11: The Expected Active Cost for the PMST
problem, for 40 nodes (node probability is 0.1), and
edge connectivity probability 0.1. NF means no feasible

Table 14: The Expected Active Cost for the PMST
problem, for 40 nodes (node probability is 0.1), and edge

chromosomes were generated.

connectivity probability 0.4.

Test Algorithms Percent
Cases | Greedy Det. Cycle basis | Improve- Test Algorithms Percent
(GA) (GA) ment Cases | Greedy Det. Cycle basis | Improve-
I 3322 | 181.0% | 2492 32.0 (GA) (GA) ment
Il 265.1 | 207.6* 239.5 21.7 L 173.4 | 125.9* 178.8 274
v 238.9 456.2 199.9% 16.1 111 183.3 155.6 145.0* 20.9
VI 244.7 186.9% 217.2 23.6 A% 180.1 151.8* 189.4 15.7
VIII 249.7 273.5 295 0% 73 VII 221.3 154.1* 203.9 30.4
IX 275.3 NF 269 7* 2.0 VIII 198.2 145.4* 161.9 26.6
X 244.6 200.8%* 2997 17.9 X 177.5 141.9* 162.8 20.0
X 184.9 149.8* 162.8 18.9

Table 12: The Expected Active Cost for the PMST
problem, for 40 nodes (node probability is 0.1), and
edge connectivity probability 0.2. NF means no feasible
chromosomes were generated.

Table 15: The Expected Active Cost for the PMST
problem, for 40 nodes (node probability is 0.1), and edge
connectivity probability 0.5.



