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Abstract

The genetic algorithm �GA
 heuristic is used to �nd near op�
timal solutions for the Probabilistic Minimum Spanning Tree
problem �PMST
� an NP�complete variation of the classical
minimum spanning tree problem	 Given a connected graph
G�V�E�� a cost function c�E����� and a probability func�
tion P��V����� ��� the problem is to �nd an a priori span�
ning tree of minimum expected length	 For the incomplete
graph problem� a new encoding scheme for spanning trees
that is based on the cycle basis is compared to another new
encoding scheme that is based on the factorization of the
determinant of the in�degree matrix of the original graph	
For edge connectivity probability � ��� and problem size
of �� nodes� our results show a signi�cant improvement in
using the cycle basis encoding over the use of the determi�
nant encoding� or a greedy algorithm	 For the 
� and ��
node problems the determinant encoding performs better
than the cycle basis encoding for most edge connectivity
probabilities	

Introduction

The classical minimum spanning tree �MST
 is used to help
solve many combinatorial optimization problems	 The MST
problem has important applications in transportation� com�
munication network design� and distribution systems	

Recently Bertsimas��� de�ned the Probabilistic Minimum
Spanning Tree �PMST
� which is a variation of the mini�
mum spanning tree where each vertex is present with some
given probability	 The PMST model is more realistic and
representative of many combinatorial optimization problems
than the minimum spanning tree� especially if the MST is
NOT the �best� solution for all instances of the problem	
Note when the vertex probability is one� for each vertex�
the PMST problem reduces to the MST problem	 Many ap�
plications are natural for the PMST such as VLSI design�
communication network design� and organizational struc�
tures design	
������
� Research partially supported by OCAST Grant AR�����
and Sun Microsystems� Inc	

In Section � a formal description of the PMST problem is
presented	 Section 
 discusses our new cycle basis encoding�
with some examples	 Section � gives an introduction to the
determinant factorization and de�nes the determinant en�
coding	 Section � describes the genetic algorithm test cases
and results	

The PMST Problem

Bertsimas has formally de�ned the Probabilistic Minimum
Spanning Tree �PMST
 problem as follows ���� Given a con�
nected undirected graph G��V�E� � not necessarily com�
plete� a cost function c�E����� and a probability function
P��V����� ��� the objective is to �nd a spanning tree� say
T � that minimizes the expected active cost� E�LT �� where

E�LT � �
X
S�V

p�S
LT �S
�

The above summation is taken over all subsets of V � T�S� is
the minimum subtree of T that is required to interconnect
all the nodes in S � and LT �S
 is the total cost of the edges
in T�S�	

If one assumes that node i is active with probability pi and
that the nodes are independent� Bertsimas shows that the
expected active cost� E�LT �� for a given spanning tree is
given by the expression

E�LT � �
X
e�T

c�e


�
��

Y
i�Ke

�� � pi


��
��

Y
i�V�Ke

��� pi


�
�

The above summation is over all edges in the tree T 	 The
removal of an edge� e� splits T into two subtrees	 The set
of vertices in one subtree is denoted by Ke and the set of
vertices in the other subtree is denoted by V � Ke	 The
above summation computing E�LT � is O�n

�
 where n is the
number of vertices	 Bertsimas also shows how to compute
E�LT � in O�n
 time	

Cycle Basis Encoding

In this section� we describe our new cycle basis encoding
scheme	 The set of all spanning trees in a connected graph�
G�V� E
� corresponds to the set of feasible chromosomes re�
sulting from the application of the scheme	



One of the traditional uses of a cycle basis for a graph is in
computing the cycle vector invariant����	 The cycle vector
is an n�vector where the i �th component is the number of
cycles of length i in a graph with n vertices	 To compute
this cycle vector one needs to �nd all of the cycles of the
graph G	 The �rst step in �nding all of the cycles is to �nd
any spanning tree T for G	 Then� the addition of any single
edge� e� to T results in the formation of a cycle� which can
be found by removing all vertices of degree one from T

S
feg

until none are left	 The set of all cycles found in this way is
a cycle basis for G	

If G has n vertices and e edges� then any spanning tree of
G has n � � edges	 Hence� there are e � n � � cycles in
any cycle basis for G	 Each cycle of G can be obtained by
�adding�� modulo �� elements of a subset of the cycle basis	
Conversely� each such modulo � addition introduces a possi�
ble cycle of G	 The cycle space of G consists of all cycles of
G	

The cycle basis encoding scheme is based on �nding a cycle
basis and� then for each cycle in the cycle basis� selecting an
edge from that cycle for removal from G	 Let the i�th allele
of a chromosome indicate the label of the edge selected from
the i�th cycle in the cycle basis for removal from G	 The
length of the chromosome is e� n��� the number of cycles
in a cycle basis	 A chromosome is feasible if the collection
of edges remaining in G after removal of the e� n�� edges
�one from each element of the cycle basis
 is a spanning tree	
Otherwise a chromosome is infeasible	 The process of select�
ing the edges from the corresponding cycles and removing
them from G will produce a tree if the code is valid �i	e	 the
removal of an edge does not cause components to become
disconnected	
 The length of the encoding scheme is the
same as the number of cycles in the basis �i	e	 e � n � �
	
We can select e � n � � cycles from the cycle space as the
basis for the cycle basis encoding so long as

S
i�C

Ci � E

where C is the set of cycles in the basis� and E is the set
of edges in the graph G	 This condition is su�cient but not
necessary	 Two examples follow that illustrate the cycle ba�
sis encoding scheme for a spanning tree	

Example �� Consider a � node graph shown in Figure ��a
�
and an example spanning tree shown in Figure ��b
	 From
Figure ��b
 we see that the missing edges are edge e� and
edge e�	 By adding edge e�� cycle C� is formed consisting
of edges e�� e�� e�� e� as shown in Figure ��c
	 When edge
e� is added to Figure ��b
 cycle C� is formed� with edges
e�� e�� e� as shown in Figure ��d
	 Thus the resulting cycle
basis from the spanning tree in Figure ��b
 for the graph in
Figure ��a
 is cycles C� and C�	 To �nd all the cycles in
the original graph we can take all combinations of the cycles
in the cycle basis �if the number of combinations is NOT
too large
 or use the algorithms written by John T	 Welch
and Norman E	 Gibbs���� ��� that determine all cycles in
a graph	 In this case to �nd all the cycles in Figure ��a

we add the cycles of the cycle basis together� as edge sets�
modulo �	 For example� we may write C� � e��e��e��e�

and C� � e� � e� � e�� then

C� � C� � �e� � e� � e� � e� � e� � e� � e�
 mod �

� �e� � e� � �e� � e� � e� � e�
 mod �

� e� � e� � e� � e� � e�
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Figure �� An incomplete graph with seven nodes and
two cycles� �a� The original graph G � �b� A spanning
tree from G � �c� The cycle C�� �d� The cycle C�� �e�
The cycle C� � C� � C��

Using the cycle basis consisting of C� and C� for the cycle
basis encoding� there are �� combinations of edges to select
and remove from Figure ��a
	 The actual number of span�
ning trees is ��	 The following table shows all of the possible
combinations of C� �C� � ��� �� �� �
� ��� 
� �
	

�� 

 �� 

 �� 

 �� 


�� �
 �� �
 �� �
 �� �

�� �
 �� �
 �� �
 �� �


The �� possible spanning trees corresponding to the above
�� codes �chromosomes
 are shown in Figure �	 Edges e�
and e� are in all the trees but are not shown	

Notice if we select cycles C� and C� to form the cycle ba�
sis� then there are �� combinations of edges to remove from
Figure ��a
� and if we select cycles C� and C� to form the
cycle basis� we have �� combinations of edges to remove from
Figure ��a
	 The increase in the number of combinations in�
dicates that some chromosomes are infeasible �i	e	 do NOT
produce a tree
 or that there is a many to one relation where
many valid chromosomes map to the same tree	

Example �� The seven node graph shown in Figure 
�a

has four cycles in the cycle basis	 Figure 
�b
� Figure 
�c
�
and Figure 
�d
 show three possible spanning trees on the
original graph in Figure 
�a
	 Using the spanning tree in
Figure 
�b
 we get the cycles C�� C�� C�� and C� shown be�
low� with search space size of 
 � � � � � 
 � ���	 If we
use the spanning tree in Figure 
�c
 to form a cycle basis�
we �nd the cycles C�� C�� C��C�� and C��C�� with search
space size of 
� 
� �� � � ���	 Finally� if we use the span�
ning tree in Figure 
�d
 to form a cycle basis� we �nd the
cycles C�� C� � C�� C�� and C� � C� with search space size
of 
�
�
�� � ���	 It is important to note that the cycles



used in the cycle basis play a major role in the size of the
resulting search space	 Since every cycle is a mod � sum of
elements in a subset of the cycle basis� the cardinality of the
cycle space in this example is bounded above by ���� � ���

Determinant Encoding

The Number of Spanning Trees

Even ���� describes the following technique for �nding the
number of spanning trees in a directed graph �developed by
Tutte ����
�
The in�degree matrix D of a digraph G�V�E� is de�ned as
follows�

D�i� j
 �

�
din	i
 if i � j�

�k if i �� j

where din	i
 is the number of edges coming into node i � and
k is the number of edges in G from i to j 	

Lemma � ������ A �nite digraph G�V�E�� with no self�
loops is a directed tree with root r if and only if its in�degree
matrix D has the following two properties�

�� The root has no edges coming in� and all other nodes
have one edge coming in� formally�

D�i� i
 �

�
� if i � r�

� if i �� r�

	� The minor� resulting from erasing the rth row and col�
umn from D and computing the determinant� is ��

Theorem � ������ The number of directed spanning trees
with root r of a digraph with no self�loops is given by the
minor of its in�degree matrix which results from the removal
of the rth row and column�

The PMST problem is de�ned on an undirected graph
G�V�E�� and any solution to the PMST problem is an undi�
rected tree T 	 To see the relationship between directed and
undirected spanning trees� consider the digraph G��V� E�


de�ned as follows� For every edge u
e

� v in G de�ne the two

edges u
e�

� v and v
e

��

� u in G�	 Regardless of the choice of
r � V � there is a one�to�one correspondence between the set
of spanning trees of G and the set of directed spanning trees
of G��V� E�
 with root r � Let T be a spanning tree of G	 If

the edge u
e

� v is in T and if u is closer than v to r in T
then pick e� for T �� if v is closer� pick e��	 Also� given T �� it
is easy to �nd the corresponding T by simply ignoring the
directions� i	e	� the existence of either e� or e�� in T � implies
that e is in T ����	 De�ning the degree matrix of G to be the
in�degree matrix of G�� we can state�

Theorem � ������ The number of spanning trees of an
undirected graph with no self�loops is equal to any of the
minors of its degree matrix which results from the erasure of
a row and a corresponding column�

The Encoding

De�ne the edge�range vector R of a digraph G�V�E� as fol�
lows� R�j
 � fi j D�i� j
 � ��g for j � � to n where D is
the in�degree matrix	 Furthermore� de�ne a determinant
code� DC to be a string of n � � integers� where n is the
number of vertices in the original graph� and the j � � po�
sition in the string is selected from R�j� for j � � to n� For
example� the set of all determinant codes for a � vertex graph
is given by� f�x�� x�� x�
 j xj � R�j
 �j � �� 
� �g � If DC is
a determinant code� the j� � position in DC represents the
row index of an entry of �� in the j �th column of the in�
degree matrix	 A k in the j � � position of DC corresponds
to an edge from vertex k to j 	

Two examples are shown below illustrating the determinant
factorization	

Example �� Given the in�complete graph in Figure ��a
� the
in�degree matrix D is�

D �

�
�������

� �� � � �� � �
�� � �� � � �� ��
� �� 
 �� �� � �
� � �� � �� � �

�� � �� �� 
 � �
� �� � � � � �
� �� � � � � �

�
�������

If we remove the �rst row and column �assuming vertex � to
be the root
� and compute the determinant of the resulting
matrix� which is the number of spanning trees T � we get�

T �

											

� �� � � �� ��
�� 
 �� �� � �
� �� � �� � �
� �� �� 
 � �

�� � � � � �
�� � � � � �

											
� ���

The location of the negative one�s in the in�degree matrix
are listed below�

column� � 
 � � � �
� � 
 � � �

 � � 


Row� � � �
�

The number of combinations for the determinant codes is
�� 
� �� 
� �� � � ��	 The �rst few determinant codes
are listed below in lexical order�

�� � 
 � � �

�� � 
 
 � �

�� � 
 � � �

�� � � � � �


and so on	

The above code �� � � � � �
� for example represents a span�
ning tree for Figure ��a
	 The value of ��� as the �rst al�
lele� represents the �� in position ����
 in D which de�nes



edge ����
	 The second allele� �� de�nes edge ���

� and
the remaining alleles � � � � represent edges ����
� ����
�
����
� and ����
 respectively	 This corresponds to the edges
e�� e�� e�� e�� e�� e�� respectively	

Example �� Given the in�complete graph in Figure 
�a
� the
in�degree matrix D is�

D �

�
�������

� �� � � �� � �
�� � �� � � �� ��
� �� � �� �� � ��
� � �� � �� � �

�� � �� �� 
 � �
� �� � � � � ��
� �� �� � � �� 


�
�������

If we remove the �rst row and column �assuming vertex � to
be the root
� and compute the determinant of the resulting
matrix �i	e the number of spanning trees� T 
 we get�

T �

											

� �� � � �� ��
�� � �� �� � ��
� �� � �� � �
� �� �� 
 � �

�� � � � � ��
�� �� � � �� 


											
� ���

The location of the negative one�s in the in�degree matrix
are listed below�

column� � 
 � � � �
� � 
 � � �

 � � 
 � 


Row� � � � �
� �

The number of combinations of the determinant code is ��
�� �� 
� �� 
 � ���	 The �rst few determinant codes are
listed below in lexical order�

�� � 
 � � �

�� � 
 � � 


�� � 
 � � �

�� � 
 � � �


and so on	

Genetic Algorithm Test Cases

and Results

Several researchers have investigated the bene�ts of solv�
ing combinatorial optimization problems using genetic algo�
rithms ��� 
� �� �� �� ��� ���	 Davis� Goldberg and Rawlins
provide an excellent in depth study of genetic algorithms
��� �� �
� ���	 It is assumed that the reader is familiar with
the fundamentals of genetic algorithms�GA
	 The GA pack�
age used in this research is LibGA ���	

Three data sets with ��� 
�� and �� nodes were devised	 In
each case the edge connectivity probability of �	�� �	�� �	
�
�	� and �	� was considered	 Edge connectivity probability is

the probability that an edge is present between any randomly
chosen pair of vertices	 As the edge connectivity increases�
the graph becomes more edge�dense	 The nodes were ran�
domly placed on a ��� � ��� grid	 The cost of each edge is
the Euclidean distance	 The PMST probability as de�ned in
Section �� associated with each node was �xed at �	�	 Each
data set was replicated �� times using di�erent random num�
ber seeds to generate the coordinate positions for the nodes�
and to establish the connectivity �placement of the edges
	
For each of the �� repetitions� the expected active cost of
a greedy strategy was compared to the expected active cost
of various spanning trees evolved by applying genetic algo�
rithm strategies to our two new encodings of spanning trees
�determinant and cycle basis
	 The greedy strategy simply
�nds the expected active cost of the classical minimum span�
ning tree	

Table � shows the results of the PMST problem for the ��
node data set with an edge connectivity probability of �	�	
For the cycle basis encoding and the determinant encoding�
we used the crossover operator uniform and the mutation op�
erator Alter Allele	 The expected active cost for the PMST
problem using the greedy strategy� the determinant encod�
ing� and the cycle basis encoding are shown for each of the
�� random number seeds	 The percent improvement column
in Table � compares the best of the determinant or cycle
basis encodings to the greedy strategy	 From Table � we can
see a signi�cant improvement using the cycle basis encoding	
Also� in Table �� the cycle basis encoding produced the same
or better expected active cost compared to the determinant
encoding in each of the �� cases	 The symbol NF in the
tables means that no feasible chromosomes were generated	
The cycle basis encoding scheme yielded the same or supe�
rior results compared to the greedy algorithm in all of the
�� cases	 In all of the tables an ��� indicates the best results
obtained	

The results for the �� node problem with edge connectiv�
ity probabilities �	�� �	
� �	�� and �	� are shown in Table �
through Table �� respectively	 Notice in all of the �� node
cases shown in Table � through Table � that in every in�
stance except one �test case IX in Table �
 that one of the
two GA algorithms was always superior to the greedy algo�
rithm	 Notice further in Table � through Table � that as the
edge connectivity increases from �	� to �	� that the better
of the two GA results swings from cycle basis for the lower
edge connectivity probabilities to the determinant scheme
for the higher edge connectivity probabilities	 This is easily
observed by noting the pattern of ��� from one table to the
next	

The results for the 
� node problem with edge connectivity
probabilities of �	�� �	�� �	
� �	�� and �	� are shown in Table �
through Table ��� respectively	 Notice in all of the 
� node
cases that in every instance one of the two GA algorithms
was always superior to the greedy algorithm	 Notice further
in Table � through Table �� that as the edge connectivity
increases from �	� to �	� that the better of the two GA re�
sults swings from cycle basis for the lower edge connectivity
probabilities to the determinant scheme for the higher edge
connectivity probabilities	 Again this is easily observed by
noting the pattern of ��� from one table to the next	 In fact



the only case in which the cycle basis was clearly superior
was in the �	� edge connectivity probability case �Table �
	

The results for the �� node problem with edge connectivity
probabilities of �	�� �	�� �	
� �	�� and �	� are shown in Ta�
ble �� through Table ��� respectively	 The results for the ��
cases are virtually a repeat of the results for the �� and 
�
node cases	 Notice in all of the �� node cases that in every
instance except one �test case V in Table ��
 that one of
the two GA algorithms was always superior to the greedy
algorithm	 Notice further in Table �� through Table �� that
as the edge connectivity increases from �	� to �	� that the
better of the two GA results swings from cycle basis for
the lower edge connectivity probabilities to the determinant
scheme for the higher edge connectivity probabilities	 Again
this is easily observed by noting the pattern of ��� from one
table to the next	

In conclusion� we have presented a determinant encoding
scheme and a cycle basis encoding scheme to represent span�
ning trees in an attempt to solve the PMST problem on in�
complete graphs	 In all of our test cases we used a node
probability of �	�� which is quite realistic	 The GA algo�
rithms using either the determinant or the cycle basis en�
coding scheme clearly outperformed the greedy algorithm
�the best known algorithm to date for this problem
	 We ob�
served in general that the cycle basis encoding scheme works
best for graphs with edge connectivity probability � ���� and
the determinant encoding scheme works best for edge con�
nectivity probabilities � ���� Another signi�cant point to
this research is that the new encoding schemes presented for
spanning trees are not limitd to GA chromosomes� but in�
deed are a general encoding scheme	
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Figure �� The graphs corresponding to the cycle basis

encoding using cycles C� and C�� �� out of the �� graphs
are spanning trees� The �	 	� cycle code may be mod

i�ed to map to a valid spanning tree� For simplicity�
edges e� and e� are in all the trees above� but are not
shown�
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Figure �� An incomplete graph with seven nodes and
four cycles� �a� The original graph G � �b� Spanning tree
I fromG � �c� Spanning tree II fromG � �d� Spanning tree
III from G
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